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Interlaminar Stresses in Laminated Composite Beam-Type
Structures Under Shear/Bending

Alberto Milazzo¤

University of Palermo, 90128 Palermo, Italy

A boundary integral model for composite laminates under out-of-plane shear/bending is presented. The for-
mulation proposed allows one to determine the elastic response of generally stacked composite laminates having
general shape of the cross section. The integral equations governing the ply behavior within the laminate are
deduced starting from the reciprocity theorem for beam-type structures. The ply integral equations are obtained
by employing the analytical expression of the fundamental solution of generalized plane strain anisotropic prob-
lems. The laminate model is completed by imposing the displacement and stress continuity along the interfaces
and the external boundary conditions. The formulation is numerically solved by the boundary element method,
proposing a solution strategy for standard laminate con� gurations. The solution of the linear algebraic resolving
system provides the displacements and tractions on the boundary of each ply of the laminate. Once this boundary
elastic response is known, the displacements and stresses at any internal point of the laminate section are computed
using their boundary integral representations. Some applications are presented to demonstrate the accuracy and
effectiveness of the method proposed.

Nomenclature
, z , Iz = strain operators
n = boundary traction operator

Ei j = elasticity stiffness coef� cients
E1i , Qi = elasticity matrices

, = shape function matrix
f j = fundamental solution body forces
m, n = number of internal cells and boundary elements
N = number of laminate plies
p = nodal tractions
s = vector of displacements
t = boundary tractions
u, v = vector of unknown displacement functions
u j , t j = fundamental solution displacementsand tractions
x1, x2, x3 ´ z = coordinate system for the laminate
a 1, a 2 = boundary normal direction cosines
b i j = modi� ed compliances
C h k i = ply section boundary
c = shear/bending loading parameter
±, d = nodal displacements
" = vector of strains
e i j = strain components
" j , ¾ j , ¿ j = fundamental solution strain and stress vectors
¾, ¿ = stress vectors
r i j = stress components
X h k i = ply section domain

Subscripts and Superscripts

( j ), (r) = j th boundary element and r th cell parameters
h k i = kth ply quantities
u = along laminate axis constant components
v = along laminate axis linearly varying components

Introduction

C OMPOSITE laminates are widely employed, and they are fun-
damental members of the lightweight structure technology.

The behavior of composite laminates is characterized by complex
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three-dimensionalstressstatesevidencinghigh interlaminarstresses
caused by the inherent anisotropy and mismatches in the material
properties of these structural members.1 The interlaminar stresses
are responsiblefor the free edgedelaminationand its growth,which
are items of primary concern in composite design. Therefore, the
accurate predictionof interlaminar stresses is of capital importance
to effectively prevent composite laminate failure. A great deal of
research has been carried out to determine and analyze the inter-
laminar stresses in � ber-reinforced composite laminates, with par-
ticular care devoted to their behavior in proximity of free edges.
To develop the methods of analysis and provide an insight into the
mechanisms governing the laminate elastic response, attention has
been focused on the case of interlaminar stresses at the straight
edges of laminates under uniaxial loading or pure bending. The
� rst solution of this problem was presented by Pipes and Pagano,2

who employed the � nite difference approach to solve the elasticity
governing equations. This solution technique was also employed
by other authors to analyze both axial loading and pure bending.3 , 4

The � nite element method has been extensively used to investigate
the problem,5 – 12 and many approaches are available that are distin-
guished one from the other in the kind of elements employed, in
the discretization schemes, and in the formulation of the problem.
In the literature some methods have also been speci� cally devel-
oped to analyze the composite laminate elastic response. These in-
clude boundary-layertheories,13 , 14 perturbationtechniques,15 poly-
nomial and Fourier series,16, 17 Lekhnitskii’s stress potentials,18, 19

and Reissner’s variationalprinciple.20 , 21 An importantclass of solu-
tions was obtained by using the force balance method coupled with
the minimization of the complementaryenergy.22 , 23 These methods
provide a simple and suf� ciently accurate tool for calculating inter-
laminar stresses. An integral equation representation and solution
for composite laminates under axial loading was proposed by Dav õ̀
and Milazzo,24– 26 who evidenced the accuracy and effectiveness
of this approach. Some researchers have presented analyses rela-
tive to composite laminates subjected to other loading systems, but
these investigationsare ratherrare.A � niteelementbendingsolution
was presented by Ye,27 and Chan and Ochoa28 , 29 proposed a quasi-
three-dimensional � nite element method to investigate composite
laminates under tension, bending, and torsion. Bending and torsion
solutionswere obtainedby Yin,30, 31 who used a Lekhnitskii’s stress
potentialapproach,byMurthyandChamis,32 who employeda three-
dimensional � nite element model, and by Dav õ̀ and Milazzo, who
proposed a boundary integral formulation for composite laminates
in bending33 and torsion.34 The out-of-plane shear/bending load-
ing condition is a topic of primary concern in composite structural
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design particularly for airframe and rotor system structures. Leger
and Chan35 took the out-of-planeshear/bending load condition into
account in an approximate fashion. More detailed models for out-
of-plane shear/bendingwere proposedby Murthy and Chamis32 and
Kassapoglou.36 Finally, Kim and Atluri37 presented a comprehen-
sive approachfor out-of-planeshear/bendingof beam-typecompos-
ite laminate structures. Their solution is based on a variation of the
force balance method, which rests on the assumption of an equili-
brated stress representationand the use of the principleof minimum
complementary energy to determine the elastic response unknown
parameters. More recently Dav õ̀ 38 proposed a general formulation
for the analysis of cross-ply laminates under axial load, bending
moments, shear/bending, and torsion. The formulation is based on
the integral equation theory and is solved by the boundary element
method. In the present paper a new formulation based on the in-
tegral equation theory is developed for the analysis of the elastic
response of general composite laminates subjected to out-of-plane
shear/bending loading. The integral equation representation for the
problemis directly deduced from the reciprocitytheorem for beam-
type structures,and it is numericallysolvedby theboundaryelement
method. Numerical applicationsare presented to show the accuracy
and robustness of the method presented.

Governing Equations
Considera beam-typecompositelaminate referredto a coordinate

system x1 , x2 , x3 with the x3 ´ z axis parallel to the generators of
the beam lateral surface as shown in Fig. 1. The laminate consistsof
N anisotropic plies perfectly bonded along the interfaces and with
general stacking sequence. Each individual ply has cross section
X h k i with boundary C h k i = C e h k i [ C k [ C k ¡ 1 (Fig. 1). The laminate
is subjected to an out-of-plane shear/bending loading in the x2z
plane characterized by the loading parameter c representing the
bending curvature for unit length, which could be calculated, for
example,accordingto theclassicallaminateplate theory.1 Assuming
that Saint Venant’s principle is satis� ed, suf� ciently far from the
laminate ends the displacement � eld s, associated with the loading
just described, can be expressed as39

s = u + zv + 1
2
z2X1 c ¡ 1

6
z3X2 c (1)

where the rigid motion terms have been dropped and

u = {u1(x1, x2), u2(x1, x2), u3(x1 , x2)}T (2)

v = {v1(x1 , x2), v2(x1 , x2), v3(x1 , x2)}T (3)

X1 = [0 0 x2]T (4)

X2 = [0 1 0]T (5)

Introducing the strain operators
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Fig. 1 Laminate con� guration.
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the strain � eld associated to the displacement system given by
Eq. (1) is given by
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e 33 = v3 + zx2 c = e 33u + z e 33v (9)

The subscripts u and v refer to components of the elastic response,
which are constant and linearly variable along the z axis, respec-
tively. The stress � eld in each ply of the laminate is expressed
throughthe generalizedHooke’s law. Accountingfor the formof the
strain � eld, the constitutive equations can be conveniently written
as
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Again, let us denote
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With the notation just introduced the equilibrium equations in X h k i
are given by

T ¾ +
@¿

@z
= 0 (12)

Upon substituting for ¾ and ¿ from Eqs. (10) and (11), Eq. (12)
gives

T E11 u +
¡

T QT
1 + Q1

¢
v + Q2x2 c

+ z
¡

T E11 v + T E12x2 c
¢

= 0 (13)

Equation (13) is veri� ed to make the following expressionsful� lled
simultaneously:

T E11 v + T E12x2 c = 0 (14)

T E11 u +
¡

T QT
1 + Q1

¢
v + Q2x2 c = 0 (15)

Equations (14) and (15) constitute an uncoupled system of partial
differential equations, which governs the laminate elastic response
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with the appropriate boundary conditions. According to the math-
ematical structure evidenced by the laminate elastic response, the
boundary tractions on C h k i are

t = n¾ = tu + ztv (16)

where

n =

2

64
a 1 0 a 2 0 0

0 a 2 a 1 0 0

0 0 0 a 1 a 2

3

75 (17)

In Eq. (17) a 1 and a 2 are the direction cosines of the outer normal
to the boundary.The mechanical boundary conditions for Eqs. (14)
and (15) are therefore supplied in terms of assigned values of the
traction functions tv and tu , respectively, whereas the kinematical
boundary conditions are given in terms of prescribed displacement
functions v and u.

Integral Equation Representation
For each individual ply within the laminate, let us consider the

displacement � eld u j =u j (x1, x2) characterizing a solution of the
elastic problem. This displacement � eld, according to the notation
introduced, satis� es the relation

T E11 u j + f j = 0 (18)

where f j = f j (x1, x2) is a � ctitious system of body forces applied
to the ply. Let again" j , ¾ j , and t j be the strains, stresses,and bound-
ary tractions of this solution. Applying the reciprocity theorem for
beam-type structures26 to the particular solution just introducedand
the actual elastic responseof the ply within the laminate,one obtains

Z

C h k i

¡
tT

j s ¡ uT
j t

¢
d C +

Z

X h k i

f T
j s d X =

Z

X h k i

@

@z

¡
uT

j ¿ ¡ ¿ T
j s

¢
dX

(19)

where ¿ j ={r 31 j r 32 j r 33 j }T . Upon substitutingfor s from Eq. (1),
the expression of the reciprocity theorem for beam-type structures
provides the following set of equations, which have to be ful� lled
simultaneously:

Z
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f T
j X2 c d X +

Z

C h k i

tT
j X2 c dX = 0 (20)

Z
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f T
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Z
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Z
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¿ T
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Z
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f T
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Z
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Z
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¢
d C +

Z

X h k i

f T
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Z
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¡
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j v ¡ uT
j ¿ v

¢
d X = 0

(23)

By using the divergence theorem, one recognizes that Eqs. (20) and
(21) are identically satis� ed. Therefore the reciprocity theorem for
the ply reduces to the two integral relations (22) and (23) only.
These integral relations are the basis to derive the integral equation
representationemployedin the method proposeddirectly. In fact, let
us consider the body forces f j to be a concentrated load uniformly
distributedalong a line parallel to the longitudinalaxis z and applied
in the j direction. Indicating with P0 the load application point in
the ply section, the mathematical representationof f j is given by

f j = c j d (P ¡ P0) (24)

where d denotes the Dirac function and c j is the vector containing
the componentsof the concentratedload. In this case the solutionof
Eq. (18) represents the singular fundamental solution of the prob-

lem. Therefore, through a suitable limit procedure and the use of
the divergence theorem, Eqs. (22) and (23) become

cT
j v(P0) +

Z

C h k i

¡
tT

j v ¡ uT
j tv

¢
d C +

Z

X h k i

"T
j E12x2 c d X = 0 (25)

cT
j u(P0) +

Z

C h k i

¡
tT

j u ¡ uT
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¢
d C ¡

Z

X h k i

uT
j

¡
T QT

1 + Q1

¢
v dX

+
Z

C h k i

uT
j nQT

1 v dC ¡
Z

X h k i

uT
j Q2x2 c dX = 0 (26)

Equations (25) and (26) can be regarded as the form of the beam-
type structure Somigliana identity for the ply within the laminate.
Indeed they provide a direct link between the displacements func-
tions v and u at the � eld point P0 and the characteristicsof the elastic
response, displacements and tractions, on the boundary. Therefore
Eqs. (25) and (26) give a boundary integral representation of the
displacement � eld of the ply. Writing the boundary integral repre-
sentation given by Eqs. (25) and (26) for three independent funda-
mental solutions, related to three independent load conditions, one
obtains the matrix form of the Somigliana identity for beam-type
structuresgiving the three displacementcomponents at P0. One has

c ¤ v( P0) =
Z

C h k i

¡
u ¤ tv ¡ t ¤ v

¢
dC ¡

Z

X h k i

" ¤ E12x2 c dX (27)

c ¤ u(P0) =
Z

C h k i

¡
u ¤ tu ¡ t ¤ u

¢
dC +

Z

X h k i

u ¤ ¡
T QT

1 + Q1

¢
v d X

¡
Z

C h k i

u ¤
nQT

1 v dC +
Z

X h k i

u¤ Q2x2 c d X (28)

where

u ¤ = [u i j ]T (29)

t¤ = [ti j ]T (30)

" ¤ =
£ ¡

u ¤ T
¢¤T

(31)

In the preceding relations ui j and ti j indicate the i th component of
displacements and tractions of the fundamental solution associated
to the load applied along the j direction. For the matrix of the
coef� cients c¤ , one has25

c ¤ = [ci j ]T = ¡
Z

C

t ¤ d C (32)

Equations (27) and (28) are valid for each point P0 and then, set-
ting P0 on the boundary, they provide a system of integral equations
whose solution with appropriateboundary conditionsgives the dis-
placementsand tractionson theboundaryof theply.Besides,starting
from the boundary integral representation given by Eqs. (27) and
(28), one can deduce the boundary integral representation for the
stress � eld in terms of the boundarydisplacementsand tractions.In-
deed, applying the strain operator to Eqs. (27) and (28) and taking
into account the constitutive equations in the form of Eq. (10), one
obtains the boundary integral representation of the ply stresses,34

whose expressions are not here given for brevity’s sake.

Fundamental Solutions
The formulation of the boundary integral equations presented in

the preceding section requires the knowledge of the fundamental
solution of the problem, i.e., a singular solution of Eq. (18) in the
unbounded domain. The characteristics of the fundamental solu-
tions for general anisotropic elasticity caused by a uniform distri-
bution of a concentratedload along a line were studied by Kayupov
and Kuriyagawa40 and Mantic and Paris.41 They provided an ex-
pression of the fundamental solution, which is rather cumbersome
to implement and involves complex mathematics. For generalized
orthotropic media Dav õ̀ 25 has proposed a suitable form of the fun-
damental solution for the generalized plane strain problem de� ned
by Eq. (18). For the present approach the fundamental solutions of
the problem were expressly obtained by integratingEq. (18) on the
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basis of the Lekhnitskiistresspotential theory.39 In the followingthe
fundamentalsolution is given explicitly for a suitableuse in compu-
tations. The anisotropic fundamental solutions depend on the roots
l = n k § i f k (k =1, . . . , 3) of the following secular equation:

det
¡
µ T E11µ

¢
= 0 (33)

where

µ =

2

64
1 0 l 0 0

0 l 1 0 0

0 0 0 1 l

3

75

T

(34)

The fundamental solution associated to a load directed along the j
direction is characterizedby the following displacement � eld:

u j (P, P0) = 2
3X

k =1

< (Qk j wk) Rk ¡ = (Qk j wk) tan ¡ 1 Yk

X k
(35)

Let ¯ be ¯ =[b pq ] =E ¡ 1
11 , in Eq. (35) one has

wk =

8
><
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w1k

w2k

w3k

;
>=

>;
=

8
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b 11 l 2
k + b 12 ¡ b 13 l k + b 14 g k l k ¡ b 15 g k

b 12 l k + b 22 / l k ¡ b 23 + b 24 g k ¡ b 25 g k / l k

b 15 l k + b 25 / l k ¡ b 35 + b 45 g k ¡ b 55 g k / l k

;
>=

>;

(36)

g k = ¡
b 14 l

3
k ¡ ( b 15 + b 43) l 2

k + ( b 24 + b 53) l k ¡ b 25

b 44 l
2
k ¡ 2 b 45 l k + b 55

(37)

X k = [x1(P) ¡ x1(P0)] + n k [x2(P) ¡ x2(P0)] (38)

Yk = f k[x2(P) ¡ x2(P0)] (39)

Rk =
q

X2
k + Y 2

k (40)

In the preceding expressions P and P0 denote the observed and the
source point, respectively,and the symbols < and = indicate the real
and imaginarypart, respectively.The coef� cients Qk j = Q <

k j + i Q =
k j

are determined in such a way that the solution, given by Eq. (35),
matches the compatibilityand equilibriumconditions.This leads to
a system of algebraic equationsfrom which the coef� cients Qk j are
calculated:

AQ = F (41)

where

Q =
©
Q <

1 j Q <
2 j Q <

3 j Q =
1 j Q =

2 j Q =
3 j

ªT
(42)

F = {0 0 0 c1 j c2 j c3 j }
T (43)

The coef� cients of the system are

Alk = = (w lk) (k, l = 1, . . . , 3) (44)

Al(k + 3) = < (w lk ) (k, l = 1, . . . , 3) (45)

A4l = M1l

£
<

¡
l 2

l

¢
¡ = ( l l )

¤
+ M2l

£
< ( l l ) + =

¡
l 2

l

¢¤

(l = 1, . . . , 6) (46)

A5l = ¡ M1l < ( l l ) ¡ M2l [= ( l l ) + 1] (l = 1, . . . , 6) (47)

A6l = M1l [< ( g l l l ) ¡ = ( g l )] + M2k [< ( g l) + = ( g l l l )]

(l = 1, . . . , 6) (48)

where l k + 3 = l k and g k + 3 = g k . The coef� cients in the preceding
equations are given as

M1k = ¡ M2(k + 3) = ¡ 2p

£
n 2

k ¡ f 2
k + 1 + f k

¡
n 2

k + f 2
k ¡ 1

¢¤

n 4
k + 2n 2

k

¡
f 2

k + 1
¢

+ f 4
k ¡ 2f 2

k + 1

(k = 1, . . . , 3) (49)

M2k = M1(k + 3) = ¡ 2 p
n k

¡
2f k ¡ n 2

k ¡ f 2
k ¡ 1

¢

n 4
k + 2n 2

k

¡
f 2

k + 1
¢

+ f 4
k ¡ 2f 2

k + 1

(k = 1, . . . , 3) (50)

The fundamental solution tractions are obtained from

t j (P, P0) = 2
3X

k = 1

»³
< (Qk j mk) a 1 ¡ <

³
Qk j

mk

l k

´
a 2

´
Xk

R2
k

+
³

= (Qk j mk) a 1 ¡ =
³

Qk j
mk

l k

´
a 2

´
Yk

R2
k

¼
(51)

where

mk =
©
l 2

k , l k , l k g k

ªT
(52)

In general the three independent fundamental solutions employed
for the outliningof the formulationare obtained by setting ci j = d i j ,
where d i j is the Kroneckerdelta. By so doing when P0 lies on a reg-
ular boundary the fundamental solution chosen provides ci j = 1

2
d i j .

The kernels needed for the calculation of the internal stress � eld
can be found by applying the strain operator to the displacement
and traction kernels. In the common case of plies characterizedby a
generalizedorthotropic law, the expressionsof the fundamental so-
lutionssimplifyand reduce to the formgiven in Refs. 25, 26, and 34.

Boundary Element Model
Following the classical approachfor solvingboundaryproblems,

the solution of the formulation proposed is obtained by discretizing
the boundary C h k i of each ply into n boundary elements and the
domain X h k i into m internalcells with domain X r . On each boundary
element C j the displacement function v and the tractions tv are
expressed by using their nodal values ±( j )

v and p( j)
v through suitable

shape functions ( ):

v = ±( j )
v (53)

tv = p( j)
v (54)

With these assumptions the discretized version of Eq. (27) for any
point Pi is

c ¤ v(Pi ) +
nX

j =1

Ĥi j ±
( j )
v +

nX

j = 1

Gi j p( j)
v =

mX

r =1

Bir (55)

where the in� uence coef� cients and the right-hand side are de� ned
by

Ĥi j =
Z

C j

t ¤ (P, Pi ) (P) d C (56)

Gi j = ¡
Z

C j

u ¤ (P, Pi ) ( P) dC (57)

Bir =
Z

X r

"¤ (P, Pi )E12x2 c d X (58)

Analogouslyon theboundaryelement C j thedisplacementfunctions
u and the tractions tu are expressed in terms of their boundarynodal
values ±( j )

u and p( j)
u . One has

u = ±( j)
u (59)

tu = p( j )
u (60)

Moreoverlet us assume thaton ther th cell thedisplacementfunction
v can be interpolated as

v = d(r )
v (61)

where d(r )
v is the vector collecting the cell nodal values of v and

( 1, 2) is a suitable matrix of shape functions. The discretized
version of Eq. (28) is

c ¤ u(Pi ) +
nX

j =1

Ĥi j ±
( j )
u +

nX

j = 1

Gi j p( j)
u

=
nX

j = 1

Ji j ±
( j)
v +

mX

r = 1

Wir d(r )
v +

mX

r = 1

Yir (62)
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where

Ji j = ¡
Z

C j

u¤ ( P, Pi ) nQT
1 (P) d C (63)

Wir =
Z

X r

u ¤ (P, Pi )
¡

T QT
1 + Q1

¢
(P) dX (64)

Yir =
Z

X r

u ¤ (P, Pi )Q2x2 c d X (65)

The boundary discretized model governing the behavior of the kth
ply within the laminate is obtainedby collocatingEqs. (55) and (62)
at the boundary nodes and taking into account the relation between
the cell nodal values of v and the boundary nodal values of v and tv ,
i.e., Eq. (55). By so doing one obtains

H h k i ±v h k i + G h k i pv h k i = B h k i (66)

H h k i ±u h k i + G h k i pu h k i = J h k i ±v h k i + W h k i dv h k i + Y h k i (67)

dv h k i = H̄ h k i ±v h k i + Ḡ h k i pv h k i + B̄ h k i (68)

where ±v h k i and ±u h k i contain the boundary nodal values of the dis-
placements v and u, pv h k i and pu h k i contain the nodal values of the
boundary tractions tv and tu , and dv is the vector of the nodal dis-
placementsv. The notation h k i denotesquantities referred to the kth
ply. The boundary element model for the whole laminate is directly
deducedstartingfrom the model obtainedfor the individualply. The
resolvingsystemfor the laminateproblemis obtainedby writing the
integral equation model for all of the plies of the laminate and im-
posing the interfacecontinuityconditionsand the externalboundary
conditions. The solution strategy of the discretized model is based
on the uncoupling of the equations constituting the resolving sys-
tem. Indeed,upon substitutingEq. (68) into Eq. (66), one obtains the
laminate resolving system in the following form (k =1, 2, . . . , N ):

H h k i ±v h k i + G h k i pv h k i = B h k i (69)

H h k i ±u h k i + G h k i pu h k i =
¡
J h k i + W h k i H̄ h k i

¢
±v h k i

+ W h k i Ḡ h k i pv h k i + W h k i B̄ h k i + Yh k i (70)

The interface continuity conditions and external boundary condi-
tions need to be added to Eqs. (69) and (70). Let us introduce a
partition of the linear algebraic system given by Eqs. (69) and (70)
in such a way that the generic vector y h k i can be written as

yT
h k i =

n
y

C e h k i
h k i y C k ¡ 1

h k i y C k
h k i

o
(71)

where the vectors yC k ¡ 1
h k i and yC k

h k i collect the components of yh k i as-
sociated with the nodes belonging to the interfaces C k ¡ 1 and C k

and the vector y
C e h k i
h k i contains the components of y h k i associatedwith

the nodes lying on the external boundary C e h k i (see Fig. 1). By so
doing the interface continuity conditions in the discretized model
are given by (k =1, 2, . . . , N ¡ 1)

±
C k
v h k i = ±

C k
v h k + 1 i (72)

±
C k
u h k i = ±

C k
u h k + 1 i (73)

p C k
v h k i = ¡ pC k

v h k + 1 i (74)

p C k
u h k i = ¡ pC k

u h k + 1 i (75)

and the external boundary conditions are expressed by (k =1,
2, . . . , N )

p
C e h k i
v h k i = 0 (76)

p
C e h k i
u h k i = 0 (77)

The system of Eqs. (69) and (70), together with the interface con-
tinuity conditions Eqs. (72–75) and external boundary conditions
Eqs. (76) and (77), evidences the boundary nature of the model
from the involvement of boundary unknowns only. Moreover the

mathematical structure of the resolving system allows one to un-
couple the two equations (69) and (70) with their relative interface
continuity and boundary conditions. Therefore the model solution
is obtained by solving � rst for v and pv and then, upon substituting
in Eq. (70), solving for u and pu . Once the boundary solution is
known in terms of displacement functions v and u and tractions pv

and pu , the stress � eld is calculated in a pointwise fashion by using
the discretized version of the boundary integral representation for
the stresses.34

Solution Strategy
To solve the model for v and pv , the following scheme can be

employed. On the basis of the partition introduced in the preceding
section, the resolving system for the displacement function v and
tractions pv is

H
C e h k i
h k i ±

C e h k i
v h k i + H

C k ¡ 1
h k i ±

C k ¡ 1
v h k i + H C k

h k i ±
C k
v h k i

+ G C k ¡ 1
h k i p C k ¡ 1

v h k i + G C k
h k i p C k

v h k i = Bh k i , k = 1, . . . , N (78)

±
C k
v h k i = ±

C k
v h k + 1 i , k = 1, . . . , N ¡ 1 (79)

p C k
v h k i = ¡ p C k

v h k + 1 i , k = 1, . . . , N ¡ 1 (80)

where the boundary conditions given by Eq. (76) have been taken
into account. The system of Eqs. (78–80) describes the behavior of
each ply within the laminate if one assumes that all of the matrices
in which a superscript or subscript i < 1 or i > N appears need to
be dropped. From Eqs. (78–80), assuming that the displacements
±

C k ¡ 1
v h k i are known, one deduces
8
>><

>>:

±
C e h k i
v h k i

±
C k
v h k i

p
C k ¡ 1
v h k i

;
>>=

>>;
=

2
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C
C e h k i
h k i

C C k
h k i

C
C k ¡ 1
h k i

3

775 pC k
v h k i +

8
>><

>>:

F
C e h k i
v h k i

F C k
v h k i

F
C k ¡ 1
v h k i

;
>>=

>>;
= C h k i p

C k
v h k i + Fv h k i (81)

and then using again Eqs. (78–80) written for the k + 1 ply, one has
8
>><

>>:

±
C e h k + 1 i
v h k + 1 i

±
C k + 1
v h k + 1 i

p C k
v h k + 1 i

;
>>=

>>;
=

h
H

C e h k + 1 i
h k + 1 i H C k + 1

h k + 1 i

±
G C k

h k + 1 i ¡ H C k
h k + 1 i C

C k
h k i

²i ¡ 1

£
±

B h k + 1 i ¡ H C k
h k + 1 i F

C k
v h k i ¡ G C k + 1

h k + 1 i pC k + 1
v h k + 1 i

²

= C h k + 1 i p
C k + 1
v h k + 1 i + Fv h k + 1 i (82)

Equation (82) is valid for each ply, and it allows one to obtain the
expression for C h k i and Fv h k i , which are given by

Ch k i = ¡ U h k i G
C k
h k i (83)

Fv h k i = U h k i

±
Bh k i ¡ H

C k ¡ 1
h k i F

C k ¡ 1
v h k ¡ 1 i

²
(84)

where

U h k i =
h
H

C e h k i
h k i H C k

h k i

±
G C k ¡ 1

h k i ¡ H C k ¡ 1
h k i C C k ¡ 1

h k ¡ 1 i

²i ¡ 1

(85)

Therefore, by applying recursively the expression (82), one deter-
mines v and pv . By using the same solution scheme for the second
part of the resolvingsystem,one can calculate±u h k i and pu h k i . In this
case the solution is given by

8
>><

>>:

±
C e h k i
u h k i

±
C k
u h k i

pC k ¡ 1
u h k i

;
>>=

>>;
= C h k i p

C k
u h k i + Fu h k i (86)

where

Fu h k i = U h k i

h¡
J h k i + W h k i H̄ h k i

¢
±v h k i + W h k i Ḡ h k i pv h k i

+ W h k i B̄ h k i + Y h k i ¡ H C k ¡ 1
h k i F C k ¡ 1

u h k ¡ 1 i

i
(87)
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Numerical Remarks and Applications
The boundary integral equationapproachdeveloped in this paper

was implemented in a computer code to perform laminate analyses
and test the soundness of the formulation. The computer code was
implementedassumingstraightboundaryelementswith linear inter-
polation of the unknown data. For the domain discretizationneeded
to evaluate the domain integrals, four node quadrilateral isopara-
metric elements are employed. The implementation is centered on
the calculation of the in� uence coef� cients through the Gaussian
quadrature formulas. An adaptive integration scheme is used with
the aim to inherently take into account the kernel singular behav-
ior and set correctly the order of the integration formula employed.
The domain integrals that do not depend on the displacement func-
tions are computed after they have been converted into boundary
integrals. The techniqueemployed to perform this conversion is the
particular solution method.34, 38 The solution of the resolving sys-
tem is based on the algorithm discussed in the preceding section.
The code can handle laminates with general stacking sequence and
section geometryexploitingpossible symmetriesof the system with
respect to the coordinate axes. The code allows the calculation of
displacementsand stresses at internal points through the discretized
form of their integral representations. Also in this case Gaussian
quadrature formulas are employed in the calculation.

Some applicationshavebeenperformedto check theaccuracyand
the effectivenessof the presentmethod and to assess the robustness
of the analysis tool in which it has been implemented. The method
has been applied to analyze the two cross-plycon� gurations[0/90]s

and [90/0]s and the angle-ply laminate [45/ ¡ 45]s , and the results
obtained are discussed in this section. The ply material properties
used in the analysis correspond to graphite/epoxy � ber-reinforced
laminas.25 The plies have been considered as having rectangular
cross section with thickness h and width 2b =16h. The discretiza-
tion employed for each individual ply is shown in Fig. 2, where the
boundary elements and the internal nodes are recorded. The � rst
analysis presented is relative to the cross-ply con� gurations. Fig-
ures 3 and 4 show the interlaminar stress distributions along the
semichord (x1 > 0) at the top interface of the laminate. Because of

Fig. 2 Ply discretization.

Fig.3 Through-widthstress distribution for the [0/90]s laminateunder
shear/bending loading.

Fig. 4 Through-width stress distribution for the [90/0]s laminate un-
der shear/bending loading.

Fig. 5 Through-thickness stress distribution for the [0/90]s laminate
under shear/bending loading.

the absenceof the in-plane shear stress r 31 , the interlaminarstresses
r 22 and r 23 exhibit a complete symmetry about the vertical mid-
dle plane x2 x3, whereas the interlaminar stress r 21 has a complete
antisymmetry. The results shown in Figs. 3 and 4 were obtained
without exploiting any structural symmetry, and they are compared
to the solution of a different boundary integral model38 and the so-
lution obtained by using the approach proposed in Ref. 36, which is
based upon the admissible function representation method (AFR).
The comparison highlights a good agreement among the solutions,
and this con� rms the features of the present method, which seems
to assess very accurately the steep stress gradients near the free
edge where a singular behavior of the stress � eld is expected. Fig-
ures 5 and 6 show the through-thicknessvariationsof the interlam-
inar stresses r 32 and of the in-plane stress r 33 for the two cross-ply
laminatesconsidered.The through-thicknessstress distributionsare
plotted for two different values of the abscissa x1. The stress pat-
terns are practically coincidentas expected because of the nature of
cross-plylaminateelastic response.Also in this case the comparison
proves the aptitude of the present approach in modeling ef� ciently
the laminate elastic response under shear/bending loads.

The next group of � gures, Figs. 7–9, represents the interlaminar
stressesfor the [45/ ¡ 45]s stackingsequenceat the top interfaceover
the entire width of the laminate. Once again the comparison of the
presentsolutionwith the resultsobtainedby applyingthe admissible
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Fig. 6 Through-thickness stress distribution for the [90/0]s laminate
under shear/bending loading.

Fig. 7 The ¾21 through-width distribution for the [45/¡¡ 45]s laminate
under shear/bending loading.

Fig. 8 The ¾22 through-width distribution for the [45/¡¡ 45]s laminate
under shear/bending loading.

function representation method37 shows a satisfactory agreement.
The [45/ ¡ 45]s stacking sequence is characterizedby high in-plane
stress r 31, which affects the interlaminar stress arrangement with
its gradients.As a consequence,all of the symmetries and antisym-
metries in the stress patterns break down. This circumstance can
be inferred from Figs. 7–9 where the constant and linearly variable
componentsof interlaminarstressesare shown.Moreover, the stress
patterns show that the r 23 stress is an order of magnitude greater

Fig. 9 The ¾23 through-width distribution for the [45/¡¡ 45]s laminate
under shear/bending loading.

Fig. 10 Through-thickness stress distribution at x1 = 0:9b for the
[45/¡¡ 45]s laminate under shear/bending loading.

than the other interlaminar stress, and it exhibits very high peaks at
the free edge where a singularbehavior is then expected.Obviously
the unbalanced distribution of r 23 is more evident in the sections
near z =0. The through-thickness variation of stresses was inves-
tigated also for the [45/ ¡ 45]s angle-ply laminate. The results are
presented in Fig. 10, where the r 32 and r 33 stresses are plotted.

In conclusion, the results obtained show the accuracy of the
present method, which by virtue of its features is able to predict
properly the interlaminar stress behavior near the free edge. Near
the free edges the stress distributions in both cross-ply and angle-
ply laminates under shear/bending experience similar shape and
behavior of the stress distributionunder axial load or pure bending.
However, the out-of-plane loadings represent a very hard condition
because it results in higher interlaminar normal and shear stresses
than those arising from the other load conditions.This circumstance
occursbecausethe shear/bendingload directlysubjects the laminate
to interlaminar stresses as emphasized by Kim and Atluri.37

Conclusions
A boundary integral representation for the elasticity solution of

multilayered, beam-type composite laminates under out-of-plane
shear/bending is presented.The problem is exactly formulated,and
in the approach all of the elasticity relations, boundary conditions,
and interface continuity conditions are strictly satis� ed. The nu-
merical solution of the model is achieved through the boundary
element method. An ef� cient solution algorithm is also proposed to
bene� t from all of the computationaladvantagesof a boundary inte-
gral representation.The boundary element solution is numerically
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consistent, and its accuracy depends on the mesh re� nement only
because all of the elasticity relations have been exactly satis� ed in
formulating the problem. The present formulation is an interest-
ing approach to the laminate problem from both a theoretical and a
numericalpointof view. It allowsone to obtainaccuratelaminate so-
lutions using the well-knowncomputationaland theoreticalfeatures
of boundary integral modelization. Four-ply, symmetric laminates
subjected to out-of-plane shear/bending loads have been investi-
gated, and the results obtained compare well with those obtained
by using other approaches when the latter are available. The stress
patterns obtained near the free edge by using rather coarse meshes
highlight the ef� cacy and the robustness of the method. In con-
clusion, the present formulation contributes to the outline of the
approaches available to analyze composite laminates by providing
an ef� cient and sound method to investigateaccurately the behavior
of general composite laminates under out-of-plane shear/bending.
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